Abstract The condensation energy and the specific heat jump of a two-dimensional Hubbard model, suitable to discuss high-T c superconductors, is studied. In this work, the Hubbard model is investigated by the Green's function method within a n-pole approximation, which allows to consider superconductivity with d x 2 −y 2 -wave pairing. In the present scenario, the pseudogap regime emerges when the antiferromagnetic (AF) correlations become sufficiently strong to move to lower energies the region around of the nodal point (π, π) on the renormalized bands. It is observed that above a given total occupation n T , the specific heat jump ∆C and also the condensation energy U(0) decrease signaling the presence of the pseudogap.
Introduction
It is believed that the two-dimensional Hubbard model 1 is able to capture the essential physics of the high temperature superconductivity (HTSC) in copperoxides 2, 3 . In such systems, understanding the interplay between the superconductivity and the pseudogap regime could be the key to clarify the mechanisms behind the unconventional superconductivity. Experimental results for some cuprates indicate a close relation among specific heat, condensation energy and the pseudogap 4, 5, 6, 7 . More precisely, due to the presence of a pseudogap on the normal state density of states, the jump in the specific heat and the superconducting condensation energy decrease below a given doping. Besides, according to references 3, 8 , the HTSC phase diagram can be separated in two regimes: a weak coupling and a strong coupling regime 3, 8 . The weak coupling regime could be described, approximately, in terms of the conventional BCS superconductivity while the strong coupling regime would be governed by unconventional superconductivity. In this scenario, the pseudogap is a property of the strong coupling regime 3 . In this context, the investigation of the specific heat and the condensation energy of twodimensional Hubbard model may give us important insights about the physics of the HTSC.
In the present work, the normal-state pseudogap and the superconducting regime of a two-dimensional Hubbard model is investigated within the Green's functions technique 9, 10 . The pseudogap emerges on the strongly correlated regime in which the antiferromagnetic correlations associated with the spin-spin correlation function S i · S j becomes sufficiently strong to open a pseudogap in the region (π, 0) on the Fermi surface. Such normal-state pseudogap is also observed in the (π, 0) point of the renormalized band.
Model and method
The repulsive (U > 0) one band two-dimensional Hubbard model 1 studied here is
which takes into account hopping to first and second nearest neighbors. The quantity µ represents the chemical potential, n i,σ = c † iσ c iσ is the number operator and c † iσ (c iσ ) is the fermionic creation (annihilation) operator at site i with spin σ = {↑, ↓}. We use the Green's function technique in the Zubarev's formalism 11 . The equation of motion of the Green's functions are treated within the n-pole approximation introduced by L. Roth 9, 10 . In this procedure, a set of operators {Â n } is introduced in order to describe the most important excitations of the system. The n-pole approximation assumes that the commutator [Â n ,Ĥ], which appears in the equation of motion of the Green's functions, can be written as [Â n ,Ĥ] = ∑ m K nmÂm where the elements K nm are determined by anti-commuting both sides of this relation with the operator set {Â n } and taking the thermal average. We get
In terms of E and N, the Green's function matrix is G(ω) = N(ωN − E) −1 N. Both E and N can be determined through equations (2) if the set of operators {Â n } is known. As we are interested in investigating both the normal and the superconducting regimes, we use the operator set 10 
The energy per particle can be obtained from the Green's function following the procedure described by Kishore and Joshi 12 . For the Hubbard model introduced in equation (1), the internal energy per particle in the superconducting state is:
where n T = n −σ + n σ is the total occupation, Z i,kσ are the spectral weights 10 of the Green's function G
and f (ω) is the Fermi function. In the superconducting state, the renormalized bands are:
with j = 1 if i = 1 or 2, and j = 2 if i = 3 or 4, γ k = 2tγ(cos(k x a) − cos(k y a)) is the gap function and γ is the superconducting order parameter with d x 2 −y 2 -wave symmetry 10 . In the normal state, the renormalized bands are:
where
where t is the first-neighbor and t 2 is the second-neighbor hopping amplitudes. W k,σ , is a band shift that depends on the correlation function 10,13 S i · S j .
The specific heat jump is ∆C = [
∂ T , E S and E N being the energy per particle in the superconducting and in the normal sate, respectively. E N is obtained from equation (3) keeping the superconducting order parameter equal to zero (γ = 0). Now, let's define U(T ) = F N − F S as the difference between the normal (F N ) and the superconducting (F S ) states Helmholtz free energy. The superconducting condensation energy is defined as:
Results
The main focus of the present work is the strong coupling regime in which unconventional superconductivity may occurs. For this purpose, we analyzed the renormalized bands, the superconducting condensation energy and the specific heat jump as a function of the total occupation n T and of the interaction U. Figure 1 shows the renormalized band ω 1,σ k . In the left panel, ω 1,σ k is shown for different values of total the occupation n T . The inset displays the region near the point (π, 0) in which a pseudogap develops when the occupation is increased. For instance, when n T = 0.81, the band intersects the Fermi energy ε F , but, for n T = 0.85 the band does not reaches the Fermi energy giving rise to a pseudogap between the band and ε F . The right panel shows ω 1,σ k for n T = 0.85 and different interactions U. The inset highlights a pseudogap on (π, 0) for U = 8.0|t| and U = 10.0|t| and the absence of pseudogap for U = 6.0|t|. In the n-pole approximation used in this work 9,10 the Green's functions naturally present a pole structure which contains the spin-spin correlation function 10 S i · S j . In the present scenario the pseudogap emerges when the correlation function S i · S j becomes sufficiently strong to move to lower energies the region of the nodal point (π, π) of the renormalized band ω 1,σ k . This occurs because the renormalized band ω 1,σ k is deeply influenced by the momentum structure of the spin-spin correlation function 14 S i · S j . Due to the antiferromagnetic character 10 of S i · S j , the region of the nodal point (π, π) of ω 1,σ k is strongly affected (see figure 1) . As a consequence a pseudogap arises at the anti-nodal point (π, 0). Moreover, the S i · S j is very sensitive to n T and U, indeed, | S i · S j | increases 15 with n T and U. Therefore, when | S i · S j | reaches a critical value | S i · S j | c the pseudogap emerges.
The density of states (DOS) for the renormalized band ω 1,σ k is shown in figure  2 for different occupations n T . The vertical line in ω = 0 indicates the position of the Fermi energy ε F and the model parameters are shown in the figure. When n T increases, the correlations become stronger, resulting in a narrowing of the density of states. However, the most important feature observed in the DOS is the reduction of the DOS on ε F for n T 0.83. Such reduction is an effect of the presence of a pseudogap in the strong correlated regime of the system. The condensation energy U(0) as a function of the total occupation n T is shown in figure 3(a) . Notice that U(0) increases with n T , reaches a maximum and then start to decrease. The depletion of U(0) for a n T greater than a given value is related to the development of a pseudogap near the anti-nodal points on the Fermi surface. This result is in qualitative agreement with experimental data obtained for some cuprate systems 5, 6 . Figure 3(b) shows S i · S j as a function of n T . The horizontal dotted line indicates approximately the value of S i · S j , from which the system enters in the underdoped strong coupling regime. Figure 3 (c) displays the behavior of the condensation energy U(0) as a function of the interaction U for several occupations. It is interesting to note that there is an optimal value of U which produces a maximum U(0). However, such optimum value changes with the occupation n T . This feature is associated to the opening of the pseudogap which occurs in the strong coupling regime. Therefore, if n T decreases, a higher value of U is necessary for the system to access the strong coupling regime. The correlation function S i · S j shown in figure 3(d) may serve as a parameter to indicate that the system is reaching the strong coupling regime. As in figure 3(b) , the horizontal dotted line indicates approximately the value of S i · S j , from which the system enters in the underdoped strong coupling regime. The results for condensation energy U(0) versus n T , figure 3(a) , are in qualitatively agreement with a method bansed on the resonanting valence bond (RVB) spin liquid 16 one observed in figure 3(c). There are no available results for U(0) versus U in the RVB method 16 .
The figure 4 shows the specific heat jump ∆C as a function of n T . Notice that initially the ∆C increases slightly with n T but, above n T ≈ 0.83, ∆C starts to decrease. The decreasing in ∆C is an evidence of the presence of a pseudogap in the underdoped regime and is close related to the development of a pseudogap on the density of states (DOS) (see figure 2) . The decreasing of the DOS on ε F when n T increases, is directly related to the pseudogap on ε F and agrees with a high-resolution photoemission study 18 of La 2−x Sr x CuO 4 which suggests that a pseudogap is the main responsible for the similar behavior between the specific heat jump and the DOS(ε F ) observed in the underdoped regime. This result for ∆C agrees at least qualitatively, with a method based on the resonating valence bond (RVB) spin liquid 16 in which the specific heat jump and the condensation energy decrease due to the opening of a pseudogap in the underdoped regime. Also, the result for ∆C shown in figure 4 is in qualitative agreement with experimental data for some cuprates 4,5 .
Conclusions
In this work we have investigated the superconducting condensation energy U(0) and the specific heat jump ∆C of a two-dimensional Hubbard model. The results show that both U(0) and ∆C decreases in the strong coupling underdoped regime. It has been verified that this behavior is related to the opening of a pseudogap at the anti-nodal point (π, 0) on the renormalized band ω 1,σ k . In the strong coupling regime, the correlation function S i · S j presents in the band shift becomes sufficiently strong to move to lower energies the renormalized band ω 1,σ k in the region of the nodal point (π, π) and as a consequence, a pseudogap opens in the (π, 0) point. The results obtained here corroborate the scenario that attributes the pseudogap to the strong correlations present in the underdoped regime 8 .
